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Abstract. The main goal of this paper is to prove the following 
two conjectures for genus up to two: 

(1) Witten's conjecture on the relations between higher spin curves 
and Gelfand-Dickey hierarchy. 

(2) Virasoro conjecture for target manifolds with conformal semisim- 
ple Frobenius manifolds. 

The main technique used in the proof is the invariance of tauto- 
logical equations under loop group action. 



0.1. Two dimensional quantum gravity. The famous conjecture by 
E. Witten [30j in 1990 predicted a striking relation between two seem- 
ingly unrelated objects: A generating functions of intersection numbers 
on moduli spaces of stable curves and a r-function of the KdV hierar- 
chy. The physical basis of this conjecture comes from the identification 
of two approaches to the two dimensional quantum gravity. Roughly, 
the correlators of the two dimensional quantum gravity are Feynman 
path integrals over the "space of metrics" on two dimensional topologi- 
cal real surfaces. One approach of evaluating this path integral involves 
a topological field theory technique which is expected to reduce to the 
integration over the moduli space of curves. The other approach con- 
siders an approximation of the space of the metrics by piecewise fiat 
metrics and then take a suitable continuous limit. 

In the first approach, the free energy becomes the following geomet- 
rically defined function 
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where Fp{t) is the generating function of (tautological) intersection 
numbers on the moduli space of stable curves of genus g 
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{h is usually set to be 1 in the literature.) Moreover, from elementary 
geometry of moduli spaces, one easily deduces that r^* satisfies an 
additional equation, called the string equation (or puncture equation). 
It is a basic fact in the theory of KdV (or in general KP) hierarchies that 
the string equation uniquely determines one r-function for the KdV 
hierarchy from all r-functions parameterized by Sato's grassmannian. 

In the second approach, the generating function in the double scaling 
limit yields the r-function r'?^ of the KdV hierarchy whose initial value 
is d? /dx^ + 2x. From here Witten asserts that r^* must be equal to r"^^ 
since there should be only one quantum gravity. 

0.2. Witten's conjecture on spin curves and Gelfand— Dickey 
hierarchies. In 1991 Witten formulated a remarkable generalization 
of the above conjecture. He argued that an analogous generating func- 
tion r'""*'P™ of the intersection numbers on moduli spaces of r-spin curves 
should be identified as a r-function of Gelfand-Dickey (r-KdV) hier- 
archies 131]. When r = 2, this conjecture eventually reduces to the 
previous one as 2-KdV is the ordinary KdV. 

The special case r^* = r'^^ was soon proved by M. Kontsevich [T^ . 
More recently a new proof was given by Okounkov-Pandharipande |27|. 
However, the generalized conjecture remains open up to this day. 

Throughout the 12 years, there has been substantial progress in 
the foundational issues involved in the 1991 conjecture. In particu- 
lar, Jarvis-Kimura-Vaintrob ^H] established the genus zero case of the 
conjecture; T. Mochizuki and A. Polishchuk independently established 
the following property for r'""'^P™: 

Theorem 1. [21112^] tautological equations hold for F^''^^^'^. ^ 

In fact, Fj-spin satisfies all "expected functorial properties", similar 
to the axioms formulated by Kontsevich-Manin in the Gromov-Witten 
theory. 

However, Riemann's trichotomy of Riemann surfaces has taught us 
that things are very different in genus one and in genus > 2. Our 
Main Theorem therefore provides a solid confirmation for Witten's 1991 
conjecture, covering one example [g = 1 and g = 2) for the other two 
cases of the trichotomy. In fact, this work starts as a project trying to 
understand this conjecture in higher genus. 

For more background information about Witten's conjecture, the 
readers are referred to Witten's original article jHI] and the paper jTH] 

^Tautological relations in this article means both the relations of the tautological 
classes on moduli spaces of curves and the induced relations in the "cohomological 
field theories" . 
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by Jarvis-Kimura-Vaintrob. In the remaining of this article, "Witten's 
conjecture" means the 1991 conjecture if not otherwise specified. 

0.3. Virasoro conjecture. In 1997 another generalization of Witten's 
1990 conjecture was proposed by T. Eguchi, K. Hori and C. Xiong. 
Witten's 1990 conjecture has an equivalent formulation j2] |H] [IH]: 
is annihilated by infinitely many differential operators {L^},n > — 1, 
satisfying the Virasoro relations 

such that L-iT*'* = is the string equation alluded above. To generalize 
Witten's 1990 conjecture to any projective smooth variety X, consider 
the moduli spaces of curves as the moduli spaces of maps to a point. 
It is clear that r^* should be replaced by 

(1) r-^{t):=e^T^o^-'^.^i^)^ 

where F^{t) is the generating function of genus g Gromov-Witten 
invariants with descendents for X. Based on that Eguchi-Hori-Xiong 
[7], and S. Katz, managed to to define {L^} for n > —1, satisfying the 
Virasoro relations. ^ They conjectured that 

L^T^{t) = 0, forn>-l. 

This conjecture is commonly referred to as the Virasoro conjecture. 

Eguchi-Hori-Xiong gave a partial proof for their conjecture in genus 
zero and a proof of L^r^ = 0, among other things. Later X. Liu 
and G. Tian j22] proved the genus zero case in general. Using a very 
different method, Dubrovin-Zhang established the genus one case of 
Virasoro conjecture for conformal semisimple Frobenius manifolds. ^ 
The recent progress by Givental ^1] and by Okounkov-Pandharipande 
P7j have confirmed the conjecture for toric Fano manifolds and curves 
respectively at all genus. Some background information on Virasoro 
conjecture can be found in m and |22j. 

0.4. Main results. 

Main Theorem. Witten's conjecture and Virasoro conjecture for man- 
ifolds with conformal semisimple quantum cohomology hold up to genus 
two. 



By the Virasoro relations, one only has to construct L2 , and the rest will follow. 
'^The definition of Frobenius manifolds in this article does not require existence 
of an Euler field, which is assumed in Dubrovin's definition. Dubrovin's definition 
will be referred to as conformal Frobenius manifold instead. 
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A few words about the main idea in the proof. Givental in a series 
of papers [T2j [EI [IH] [IE] introduces a definition of higher genus po- 
tentials for any semisimple Frobenius manifold which is not necessarily 
the quantum cohomology of a projective manifold. This definition is 
"formulaic" in the sense that the higher genus potentials are defined by 
a formula from the data of semisimple Frobenius manifolds (i.e. genus 
zero data). This enables him to prove that his theory satisfies Virasoro 
conjecture and, in the case of An singularities, Witten's conjecture. 
However, Givental's theory is conjecturally equivalent to the geometric 
theory, whether it is the Gromov-Witten theory or the theory of spin 
curves. Therefore, what is needed here is a proof that Givental's theory 
is equal to the geometric theory. 

The bulk of this paper is devoted to this proof at genus two. Similar 
statement in genus one is proved in the conformal case in [4, and in the 
general case in [T7] . 

Remark. There are other possible approaches to this problem. Our 
earlier approach in [21] reduces the checking of the Main Theorem to 
complicated, but finite-time checkable, identities. Nevertheless, it lacks 
the underlying simplicity of this approach. 

After this result was announced, X. Liu [24j informed us that he was 
also able to reduce the genus two Virasoro conjecture for semisimple 
Gromov-Witten theory to some complicated identities and he was able 
to check these identities by hand and by a Mathematica program. 

Acknowledgement. This idea of this work first comes in the form of 
PT] while working jointly with R. Pandharipande in the book project 
[221 ! ^^"^ t^i^ current approach has its root in a recent joint work with 
A. Givental . It is a great pleasure to thank both of them. Thanks 
are also due to T. Jarvis, T. Kimura, X. Liu, Y. Ruan, A. Vaintrob 
and especially E. Getzler for useful discussions and communications. 
Part of this work was done during a visit to NCTS, whose hospitality 
is greatly appreciated. 

1. Review of geometric Gromov-Witten theory 

Gromov-Witten theory studies the tautological intersection theory 
on Mg„(X, the moduli spaces of stable maps from curves C of 
genus g with n marked points to a smooth projective variety X. The 
intersection numbers, or Gromov-Witten invariants, are integrals of 
tautological classes over the virtual fundamental classes of Mg^n{X, (3) 
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Here 7^ G H*{X) and ipi are the cotangent classes (gravitational de- 
scendents) . 

For the sake of the later reference, let us fix some notations. 

(i) H := H*{X, C), assumed of rank A^. 

(ii) Let {(f)^}^=i be an orthonormal basis of H with respect to the 
Poincare pairing. 

(iii) Let Tit := (B'^H be the infinite dimensional complex vector 
space with basis {(j)fj,ip''}. 

(iv) Let {tfc}, fi = I, . . . , N, k = 0, . . . ,00, he the dual coordinates 
of the basis 

We note that at each marked point, the insertion is valued. Let 
t := Ylik fi^k't'fj.'^^ denote a general element in the vector space Tit. 

» n 

(v) Define {d'l^l . . . d^^J.^^.p := /_ J] de- 

fine {t"-)g^n,i3 = {t . . . t)g^n,i3 by multi-linearity. 

(vi) Let F^{t) := — j-(^")g,n,/3 be the generating function of all 

n.,/3 ^' 

genus g Gromov-Witten invariants. 

The "r-function of X" is the formal expression Tq^t '■= e^3^°^^ 
defined in ((T]). 

LL Tautological equations. Let = be a tautological equation, 
i.e. a equation of the tautological classes in the moduli space of stable 
curves Mg^n- Since there is a morphism 

by forgetting the map, one can pull-back = to Mg^„(X, Due to 
the functorial properties of the virtual fundamental classes, the pull- 
backs of the tautological equations hold for the Gromov-Witten theory 
of any target space. The term tautological equations will also be used 
for the corresponding equations in the Gromov-Witten theory and in 
the theory of spin curves. 

2. Genus zero axiomatic theory 

Let if be a complex vector space of dimension with a distinguished 
element 1. Let (■, ■) be a C-bilinear metric on H, i.e. a nondegener- 
ate symmetric C-bilinear form. Let Ti denote the infinite dimensional 
complex vector space H{{z~^)) consisting of Laurent formal series in 
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1/2 with vector coefficients. ^ Introduce the symplectic form fl on Ti,: 

n{f,g) = ^^f {f{-z),g{z)) dz. 

There is a natural polarization Ti = T-C+ © 7i_ by the Lagrangian sub- 
spaces 7i_|_ = H[z] and 7i_ = which provides a symplectic 
identification of (Ti.,Q) with the cotangent bundle T*H+. 

Let {0^} be an orthonormal basis of H. An ff-valued Laurent formal 
series can be written in this basis as 

• • • + (p}, • • ■^Pi)jZz^ + • • • '^o") (Z^ 

In fact, {p^, g^} for = 0, 1, 2, . . . and = 1, . . . , are the Darboux 
coordinates compatible with this polarization in the sense that 

To simplify the notations, pk will stand for the vector (p^, . . . and 
for [pq.Pi, . . .)• 

The parallel between Ti^ and Tit is evident, and is in fact given by 
the affine coordinate transformation, the dilaton shift, 

Definition. Let G'o(t) be a (formal) function on 7i+. The pair (7i, Gq) 
is called a. g = Q axiomatic theory if Go satisfies three sets of genus zero 
tautological equations: the Topological Recursion Relations (TRR) Q, 
the String Equation (jH)) and the Dilaton Equation 



(2) 
(3) 
(4) 



dtl 

dFojt) 
dtl 



df^^^dtldtTa 



n=0 u 



^ 00 



n=0 u 
^2 



dt- 



d^mj^Fo^ 
dtldt^o dt^odtfdtl 



Different completions of this spaces are used in different places, but this will be 
not be discussed in details in the present article as it is involving too much. See 
[22 for details. 
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It can be shown that this is equivalent to the definition of abstract 
formal Frobenius manifolds, not necessarily conformal. The coordi- 
nates on the corresponding Frobenius manifold is given by the following 
map [3] 

In the case of the geometric theory, one may elect to use either 
formulation. The main advantage, seems to us, is the expansion of the 
formulation from Tit to Ti where a symplectic structure is available. 
In the latter case, many properties can be reformulated in terms of 
the symplectic structure f2 and hence independent of the choice of the 
polarization. This suggests that the space of "genus zero axiomatic 
Gromov-Witten theories", i.e. the space of Go satisfying the string 
equation, dilaton equation, topological recursion relations (TRR), has 
a huge symmetry group. 

Definition. Let C^'^^GL(H) denote the twisted loop group which con- 
sists of End(i7)-valued formal Laurent formal series M{z) in the inde- 
terminate satisfying M*{—z)M{z) = 1. Here * denotes the adjoint 
with respect to (■,■)• 

The condition M*{—z)M{z) = 1 means that M{z) is a symplectic 
transformation on Ti. 

Theorem 2. JH] The twisted loop group acts on the space of ax- 
iomatic genus zero theories. Furthermore, the action is transitive on 
the semisimple theories of a fixed rank N. 

3. Quantization and higher genus potentials 

3.1. Preliminaries on quantization. To quantize an infinitesimal 
symplectic transformation, or its corresponding quadratic hamiltoni- 
ans, we recall the standard Weyl quantization. A polarization Ti = 
T*TC-^ on the symplectic vector space H (the phase space) defines a con- 
figuration space 7i+. The quantum "Fock space" will be a certain class 
of functions f{h,q) on 7i+ (containing at least polynomial functions), 
with additional formal variable h ("Planck's constant"). The classical 
observables are certain functions of p, q. The quantization process is to 
find for the classical mechanical system on 7i a "quantum mechanical" 
system on the Fock space such that the classical observables, like the 

d 

hamiltonians h(q,p) on Ti, are quantized to become operators h(q, — ) 

oq 

on the Fock space. 
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Let A{z) be an End(i/)-valued Laurent formal series in z satisfying 

(A{-z)f{-z),g{z)) + {f{-z),A{z)g{z)) = 0, 

then A{z) defines an infinitesimal symplectic transformation 

n{Af,g) + n{f,Ag)^0. 

An infinitesimal symplectic transformation A oi H. corresponds to a 
quadratic polynomial P{A) in p, q 

P(A)(f) :^^n{AfJ). 

For example, let dim if = 1 and A{z) = 1/z. It is easy to see that A{z) 
is infinitesimally symplectic and 

2 °° 

(6) P{z-')^-^-^-J2qm-,lPm. 

m=0 

In the above Darboux coordinates, the quantization P P assigns 

d 

i = pl^Vh—,qi^qi/Vh, 

d d 

(7) dqi 

d 



Note that one often has to quantize the symplectic instead of the in- 
finitesimal symplectic transformations. Following the common practice 
in physics, we define 

(8) (e^(^)r := e(^(^)^ , 

for e"^^^^ an element in the twisted loop group. 

3.2. r-function for semisimple Frobenius manifolds. Let if^^* 
be the rank N Frobenius manifold corresponding to X being N points. 
In this case, the delta-functions at the N points form an orthonormal 
basis {(pfi} and the idempotents of the quantum product 

The genus zero potential is nothing but a product of genus zero poten- 
tials of N points 

F^^\t\ . . . , i"^) = F^\t^) . . . F^\t''). 
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Note that Gq^^^ = F^^^. By Theorem |2l the genus zero potential Gq 
of any semisimple formal Frobenius manifold H can be obtained from 
Gq^^^ by the action of an element Oh in the twisted loop group. By 
Birkhoff factorization, Or = Sh{z~^)Rh{z), where S{z^^) (resp. R{z)) 
is an matrix- valued functions in (resp. z). ^ 

In order to define the higher genus potentials Gg, one first introduces 
the "r-function of H" 

(9) := ShRht'^'', 
and define G^ via the formula (cf. (0)) 

(10) =: e^T^o'^'-'^? , 

Strictly speaking, the multiplication, ShRh, is not well-defined. How- 
ever, the function Sh{Rht^^^) is, thanks to the (8(7 — 2)-jet properties. 
We will not discuss this subtle point here but refer the interested read- 
ers to 1^. 

What makes the above model especially attractive are the facts that 

(a) It works for any semisimple Frobenius manifolds. 

(b) It enjoys properties often complementary to the geometric the- 
ory. 

Thanks to (a), one also has a definition for the Frobenius manifolds 
HAr-i of the miniversal deformation space of Ar-i singularity. It turns 
out that this Frobenius manifold is isomorphic to the Frobenius mani- 
fold defined by the genus zero potential of r-spin curves. Furthermore, 
Givental has proved 

Theorem 3. 'T'g^'"^ ^■^ r-function of r-KdV hierarchy. 

As in the case of the ordinary KdV, it is easy to show that both 
Tq^""^ and r''"^P™ satisfy the additional string equation. Therefore, in 
order to prove Witten's conjecture, one only has to show Gg ^"""^ = 

pr-spin 
9 

As for (b), note for example that the Virasoro constraints for Tq 
follow almost from the definition. As discussed in Section II. H Tq-^^ 
satisfies the tautological equations due to some functorial properties 
built in the definition of the Gromov-Witten theory. However, the Vi- 
rasoro constraints for TQ^/ and tautological equations for Tq are highly 
nontrivial challenges. An obvious, and indeed very good, strategy to 



^In fact R{z) is a series in z and therefore not really an element in the twisted 
loop group, but rather in its suitable completion. See [22 ■ 
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resolve all the above questions at once is to answer the following ques- 
tion: ® 

Question. Is Gg = Fg That is, does GiventaVs construction coincide 
with the geometric one when both are available? 

3.3. Tautological equations and uniqueness theorems. Our ap- 
proach to the Question is to show that Gg satisfies enough geometric 
properties of Fg so that they have to be equal by some uniqueness theo- 
rems. More specifically, the geometric properties we will utilize are the 
tautological equations. For simplicity of language, let us call the genus 
zero tautological equations the following genus zero equations: topolog- 
ical recursion relations (TRR), string equation and dilaton equation; 
the genus one tautological equations the following two equations: genus 
one Getzler's equation jOj and genus one TRR; the genus two tauto- 
logical equations the set of 3 equations by Mumford (fTBj). Getzler jTUj, 
and Belorousski-Pandharipande (BP) ^J. 

In genus one, Dubrovin and Zhang jl] made the following important 
observation of the uniqueness property. 

Lemma 1. 0^ -^^^ Go{t) be the genus zero potential of a semisim- 
ple Frobenius manifold H. Suppose that both pairs {Go{t), Fi{t)) and 
{Go{t),Gi{t) satisfy genus one Getzler's equation and topological re- 
cursion relations. Then Fi — Gi is a linear combination of canonical 
coordinates. Furthermore, if H is conformal and both pairs satisfy the 
conformal equation, then Fi — Gi is a constant. 

The proof of this fact goes as follows. First, genus one TRR guar- 
antees that the descendent invariants are uniquely determined by pri- 
mary invariants. Second, genus one Getzler's equation, when written 
in canonical coordinates u\ is equal to = Bij where Bij involves 

only genus zero invariants. Moreover, the conformal structure deter- 
mined by a linear vector field (Euler field), uniquely determines the 
linear term. We will refer to this fact casually as "The genus one po- 
tential for a conformal Frobenius manifold is uniquely determined by 
genus one tautological equations." In the same spirit, the genus two 
uniqueness theorem of X. Liu is formulated: 

Theorem 4. j231 The genus two descendent potentials for any confor- 
mal semisimple Frobenius manifolds are uniquely determined by genus 
two tautological equations. 

''This is basically Givental's conjecture jJJ, although we have included r-spin 
curves on the geometric side, which is strictly speaking not a geometric Gromov- 
Witten theory. 



INVARIANCE OF TAUTOLOGICAL EQUATIONS 



11 



The proof of Liu's theorem rests on some very comphcated calcula- 
tion. We note that it is not known at this point whether this uniqueness 
theorem, or any weaker version, holds for non-conformal semisimple 
Frobenius manifolds. 

Remark. There is another type of uniqueness theorem: Dubrovin and 
Zhang [OJ have proved that Virasoro conjecture plus {3g — 2)-jet prop- 
erty uniquely determines r-function for any semisimple Frobenius man- 
ifold. The {3g — 2)-jet property is proved by Getzler [T2] in the geo- 
metric Gromov-Witten theory and by Givental ^3] in the context of 
semisimple Frobenius manifolds. It is also expected to hold for the 
^r-spm Therefore, a proof of the Virasoro conjecture for should also 
answer the above Question positively. 

Note that 

• TG = SRt^p' and T^P\t\ ...t^) = nil rP\f). 

• r'P^it) satisfies all tautological equations. 
It follows that 

Main Lemma. In order to show that a set of tautological equations 
holds for Gg, it suffices to show that it is invariant under arbitrary 
End{H) -valued series S{z~^) and R{z). 

This lemma is our main technical tool to prove the Main Theorem. 
In fact, in order to prove the invariance of the tautological equations, 
it is enough to prove the infinitesimal invariance of the tautological 
equations. Before we proceed, let us study more carefully the quantized 
twisted loop groups. 

4. Quantization of twisted loop groups 

The twisted loop group is generated by "lower triangular subgroup" 
and the "upper triangular subgroup". The lower triangular subgroup 
consists of End(if)-valued formal series S{z~^) = e^^^ ^ in satisfy- 
ing S*{—z)S{z) = 1 or equivalently 

s*{-z-^) + s{z-^) = 0. 

The upper triangular subgroup consists of the regular part of the 
twisted loop groups R{z) = e^^^^ satisfying R*(—z)R{z) = 1 or equiva- 
lently 

(11) r*{-z) + r{z) = 0. 

In fact, we will use R{z) to denote an End(/f)-valued series in z, and 
call it an element in the "upper triangular subgroup" by abusing the 
language. 



12 Y.-P. LEE 



4.1. Quantization of lower triangular subgroups. The quadratic 
hamiltonian of s{z~^) — Yl'ili is 

1=1 n=0 i,j 

The fact that s{z~^) is a series in implies that the quadratic hamil- 
tonian P{s) of s is of the form g^-term + gp-term where q in gp-term 
does not contain go- The quantization of the P{s) 

Here i, j arc the indices of the orthonormal basis. (The indices /i, u will 
be reserved for the "gluing indices" at the nodes.) For simplicity of the 
notation, we adopt the summation convention to sum over all repeated 
indices.^ 

Let —r^ s(z)tg- Then 



* 1=1 n=0 i,j 

^-%r^ = E E j:i^i)^^<ndA for , > 1. 



de 
Define 



=1 n=0 i,j 



\ fcl k2--- k„/9 ■ Qf^^Qf2 ___Q^i„ ' 



'9 

and denote (. . .) := (. . .)o. These functions (. . .)g will be called ax- 
iomatic Gromov-Witten invariants. Then 



oo 

(12) = J2('i)^^iln{dx . . .) + E J2i'ihM.-idi\ ...dt--^ 

1=1 i^a 

+ 2 (^~^^'' J2^Sk,+k,+i)ni, + (-1)'^ E(^'fci+'^2+i)i2*i) , 

where 5 = when there are more than 2^ insertions and 5 = 1 when 
there are two insertions. The notation dl means that dl is omitted 
from the summation. We assume that there are at least two insertions, 
as this is the case in our application. 



For g > 1 

A 

de 



INVARIANCE OF TAUTOLOGICAL EQUATIONS 13 



(13) 



4.2. Quantization of upper triangular subgroups. The quantiza- 
tion of r{z) is 



oo oo 



;=1 n=0 i,j 
- oo Z— 1 



1=1 m=0 ij 

Therefore 



, oo oo 



^ 1=1 n=0 i,j 

oo 



(14) +T.T.(''ihAdi^idi\...di:...) 

1=1 i,a 

_ oo (—1 

+2 E E(-i)'"^' E(^')^^-^ii^if. ■ ■ ■ i{9ii-j{dL)). 



1=1 m=0 ij 

For g > 1 

oo oo 
Z=l n=0 iJ 



(15) +EE(^')-(^L+/^^--^^---)^ 

Z=l i,a 
^ oo 1 

+2 E E(^i)"^^' E(^')^^-(^^-i-n^^n^^^i^". ■ ■ 

/=1 m=0 
^ oo l—l g 

+2 E E(-i)"^^' E E(^')'^-^^i^^^ • • • m_,_jAdL)g-9')- 
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5. Invariance of tautological equations 

5.1. Invariance under lower triangular subgroups. 

Theorem 5. (S'-invariance theorem) All tautological equations are in- 
variant under action of lower triangular subgroups of the twisted loop 
groups. 

Proof. Let E = he a. tautological equation of axiomatic Gromov- 
Witten invariants. Suppose that this equation holds for a given semisim- 
ple Frobenius manifold, e.g. if^^* = C^. We will show that sE = 0. 
This will prove the theorem. 

sE = follows from the following facts: 

(a) The combined effect of the first term in (jl2|) (for genus zero 
invariants) and in (|13p (for g > I invariants) vanishes. 

(b) The combined effect of the remaining terms in (jl2|) and in (jl3|) 
also vanishes. 

(a) is due to the fact that the sum of the contributions from the first 
term is a derivative of the original equation E = with respect to q 
variables. Therefore it vanishes. 

It takes a little more work to show (b). Recall that all tautological 
equations are induced from moduli spaces of curves. Therefore, any 
relations of tautological classes on Mg^n contain no genus zero compo- 
nents of two or less marked points. However, when one writes down the 
induced equation for (axiomatic) Gromov-Witten invariants, the genus 
zero invariants with two insertions will appear. This is due to the differ- 
ence between the cotangent classes on Mg^n+m{^, P) and the pull-back 
classes from Mg^n- Therefore the only contribution from the third term 
of ()12|) comes from these terms. More precisely, let ipj (descendents) 
denote the j-th cotangent class on M g^n+m{X, (3) and (ancestors) 
the pull-backs of cotangent classes from Mg^n by the combination of 
the stabilization and forgetful morphisms (forgetting the maps and ex- 
tra marked points, and stabilizing if necessary). Let Dj be the divisor 
on M g^n+m{,X, 13) defined by the image of the gluing morphism 

H Ml^l+m'iX,f3') XxMg,n+m"{X,/3")-^Mg,n+m{X,P), 
f3'+p"=p m'+m"=m 

where Mg^n+m" {X, [3") carries all first n marked points except the j-th 

one, which is carried by Mq 2_)_^/(-^, /3')- It is easy to see geometrically 
that tljj — ijjj = Dj. (See e.g. IIOI-) Let us denote (9^^ . . .) the gener- 
alized (axiomatic) Gromov-Witten invariants with '?/'J''?/'JevJ(0^) at the 
first marked point. The above relation can be rephrased in terms of 



INVARIANCE OF TAUTOLOGICAL EQUATIONS 



15 



invariants as 

{dU...), = {dl^,,-,...),-{dldn{d!^...),. 

Repeat this process of reducing I, one can show by induction that 

{91,1 ■ ■ = {d^r-r-- - (dUr-ldnid^- ••).-••• 
p=l ki+...+kp=r—p 

Now suppose that one has an equation of tautological classes of Mg^n- 
Use the above equation (for r = I) one can translate the equation 
of tautological classes on Mg^„ into an equation of the (axiomatic) 
Gromov-Witten invariants. The term-wise cancellation of the contri- 
butions from the second and the third terms of (|T^ and (|T!^ can be 
seen easily by straightforward computation. □ 

If the above description is a bit abstract, the reader might want to try 
the following simple example, ipf on Mg^i is translated into invariants: 

{d^)g - {&id^){d^)g - {d''d^){d^)g + {&'d^){d^d''){d'')g. 

The above "translation" from tautological classes to Gromov-Witten 
invariants are worked out explicitly in some examples in Sections 6 and 
7 of dU]. 

5.2. Reduction to go = 0. The arguments in this section are mostly 
taken from |17j . 

Let = be a tautological equation of (axiomatic) Gromov-Witten 
invariants. Since we have already proved s{E) = 0, our next goal would 
be to show f{E) =0. In this section, we will show that it suffices to 
check f{E) = on the subspace go = 0. 

Lemma 2. It sujfices to show fE = on each level set of the map 
g 1-^ s m (0). 

Proof. The union of the level sets is equal to 7i+. □ 

Lemma 3. It suffices to check the relation for all f{z)E = along 
zTi^ (i.e. go = Oj. 

Proof. It is proved in |TE] that a particular lower triangular matrix 
S's, which is called "calibration" of the Frobenius manifold, transforms 
the level set at s to zTij^. S'-invariance Theorem then concludes the 
proof. □ 
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In fact, Ss is a fundamental solution of the horizontal sections of 
the Dubrovin (flat) connection, in formal series. It was discov- 
ered in [13], with preceding work in [211! and [I2j, that A := SsT^ is 
the corresponding generating function for "ancestors". Therefore the 
transformed equation SsES~^ = is really an equation of ancestors. 

5.3. Invariance under upper triangular subgroup. 

Theorem 6. (i?-invariance theorem) The union of the sets of genus g' 
equations for g' < g is invariant under the action of upper triangular 
subgroup, for g < 2. ^ 

In fact, a stronger "filtered" statement holds. We will state the genus 
two part: 

(I) The combination of genus zero equations, genus one equations 

and Mumford's equation is /^-invariant. 
(II) The combination of genus zero equations, genus one equations 
and genus two Mumford's and Getzler's equations is i?-invariant. 
(Ill) The combination of genus zero equations, genus one equations 
and genus two equations by Mumford, Getzler and BP is R- 
invariant. 

Remark. 1. i?-invariance in = 1 is proved in [T7] . 

2. There are other genus two tautological equations, like the 6- 
point equation discovered by Faber-Pandharipande (private communi- 
cation). However, its role in semisimple Gromov-Witten theory is not 
clear at this point. 

3. i?-invariance theorem is expected to hold for all g. In fact, under 
plausible assumptions, i?-invariance technique can be used to "derive" 
all known tautological equations, including all tautological equations 
appeared in this paper, and other new equations in higher genus. This 
will be discussed in a separate paper. 

The rest of the section is devoted to the proof of i?-invariance the- 
orem, and therefore the Main Theorem. In fact, the proof of (I), (II) 
and (III) follow the same line of arguments, so we will only treat (I) in 
details. 



We really have not defined what we mean by "the set of genus g equations" for 
5 > 2, as the current paper only deals with g < 2 cases. One can think that it is 
the set of all tautological equations at genus g. 
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Recall that Mumford's genus two equation is of the form, in the 
orthonormal basis as usual, with summation convention. 



(16) 1 1 

+ —{d''df'd''){d''d'')i-—{df'd''d''){d''d'')i 

1 S 1 
240^ ' 960^ ' 



Lemma 4. It suffices to check {r{z)y M = for I = 1 and I = 2 (and 
on go = 0^. 



Proof. It is easy to see that when / > 3, all terms in {r{z)f M (jl7|) 
vanish by the {3g — 2)-jet property, which is satisfied for the ancestor 
invariants (jT^j and Section 5 of |14j). 

In geometric terms, this is due to the fact that Mumford's equation 
()16|) is a codimension 2 tautological relation in M2,i, whose dimension 
is equal to 4. Since (r^ 2;')" carries codimension k strata to codimension 
k + I ones, {nz^jM = for / > 3. □ 



In fact, as we will see, the checking of invariance is really straight- 
forward for / = 1, and almost trivial for 1 = 2. Note we will use the 
following conventions: 



If some term does not contain /, that means / = 1 and it vanishes 
for / > 2. 

is any flat vector field, e.g. = d^^. Therefore 82 means the 
descendent index is at least two, but could be greater. 
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{r{z)yM 

+ ^^{-l)\&'d^'d''){d'd^'d''){di_;)i 

+ ^E(^'^'^'^')(^^^)i 

_ J2{d^d^d''d''){d'dW'') 
- ^ ^{d'd''d>'){d'd^d''){d'')i 

1 Q 

-^E(^^^^^^)(^'^'^')(^^)i 
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In the above, the following observations simplify the calculation: 

• The contributions from first terms of (fT^ ()15|) vanish. 

• The contributions from the second terms of ()14|1 (|T5|l . when 
acting on d^, cancell with each other. 

• The contributions from the last terms of p4|) (fT3j) . when all (9^^ 
act on one of the factor with highest genus in a term, cancell 
each other. 

The first is already explained in the proof of Theorem 13 The second 
is due to the fact that the sum of the second term merely changes one 
flat vector to another: 9^ X]('^OjM'^fc+/- Since is an arbitrary fiat 
vector field, this change sums to zero. The last case is due to the fact 
that it sums to a derivative of M = with respect to q. 

The two cases of / = 1 and / = 2 will be discussed separately. 

5.3.1. The case I = 1. Since there are only invariants in genus zero 
and one, all descendents can be removed by TRR. (The fiat vector field 
Qx ]^ig]2t contain descendents, but we will only remove the "apparent 
descendents".) 

After applying TRRs, all terms can be classified into two types: 

• Type 1: terms involving genus one invariants and 

• Type 2: terms with only genus zero invariants. 

Type 1: After obvious vanishing (on the dimensional ground), the 
contribution is 



+^{d'd^d^){d'&d''){d'')i - ^{d''d^d''){d'dW^){d'')i 

-^{d^d'd^'){d^d''d''){d'')i + ^{d''d'd''){d>'d^d^){d^)i 
13 13 

13 13 

-{&'d'd''){d^d''d''){d'')i - —{d''d'd''){d^d''d''){d'')i 



120' " " ' 120 

The above sum can be put into two groups. One with genus one 
invariants of the form {d^)i, the other with (c?'^)i. It is easy to see that 
each group gets exact cancellation by genus zero TRR (and WDVV 
equation, which is a consequence of TRR). 
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Type 2: 



480^ ^240^ ^ ' 

1 {d^d'd^'){d^d^d''d'') - —{d'=d'd^'d^'){dW''d'') 



240' " ' 480 

1 



240 



{&'d'd>'d''){&d^d'') 



This can be seen to vanish by elementary calculation, utilizing genus 
zero TRR and WDVV. 

5.3.2. The easel = 2. Due to (jllj) . {r2)ij = — (?"2)jj- However, all terms 
in (jl7j) with nonvanishing contribution at Z = 2 are all symmetrie in i 
and j. For example the first term contributes 



ij ij 

which vanishes as {r2)ij in anti-symmetric while the other factor is 
symmetric in i and j. 

The terms do not cancell by itself after summation over i,j will 
contribute zero by cancellation. More precisely, the summation is 

V(r2)i,(— + — ^ ^ —) iO'd'^d^') (9^' 9" 9°), 

^^^^^576 240 5760 5760 480^^ 

which is easily seen to vanish. 

5.3.3. R-invariance of Getzler's and BP's equations. The i?-invariance 
of Getzler's and BP's equations are proved in the same way. It is not 
very illuminating to write down all the calculations here as the proof 
follows the same line of arguments and the formula is quite lengthy. 
Therefore, we will list only some main steps here. Recall that qo = 
is always assumed. 

For Getzler's genus two equation: 
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(1) G' := (Getzler's equation) involves only up to / = 3, 
using the same argument in Lemma EJ 

(2) G' contains only one term with genus two component: 3{d^d'^d'^) {d^_^^)2- 
This can be written, via Mumford's equation as a summation 

of genus 1 and invariants only. 

(3) One may remove the "apparent descendents" in genus one in- 
variants by TRR. Here the apparent descendents means the 
lower indices in our notation. Although might already con- 
tain descendents implicitly, they won't be removed. 

(4) One can group terms together according to the types of the 
factors of the genus one invariants in these terms. Since there is 
no additional relation in genus one, they will cancell within each 
group. We note that no 4-point genus one invariants appeared 
in the calculation. Therefore Getzler's genus one equation is 
actually never used. 

(5) The cancellations of the genus zero part of (fTTjl involves only 
(derivatives of) WDVV equation. 

There are only two different points in the proof of i?-invariance of BP's 
equation. First, the calculation will go up to / = 4. Second, Getzler's 
genus two equation will be used. 



References 

[1] P. Belorousski, R. Pandharipande, A descendent relation in genus 2, Ann. 
Scuola Norm. Sup. Pisa CI. Sci. (4) 29 (2000), no. 1, 171-191. 

[2] R. Dijkgraaf, E. Verlinde, H. Verlinde, Loop equations and Virasoro con- 
straints in nonperturbative two-dimensional quantum gravity, Nucl. Phys. B 
348 (1991), 435-456. 

[3] R. Dijkgraaf, E. Witten, Mean field theory, topological field theory, and multi- 
matrix models, Nuclear Phys. B 342 (1990), no. 3, 486-522. 

[4] B. Dubrovin, Y. Zhang, Bi-Hamiltonian hierarchies in 2D topological field the- 
ory at one-loop approximation. Comm. Math. Phys. 198 (1998), no. 2, 311-361. 

[5] B. Dubrovin, Y. Zhang, Frobenius manifolds and Virasoro constraints, Selecta 
Math. (N.S.) 5 (1999), no. 4, 423-466. 

[6] B. Dubrovin, Y. Zhang, Normal forms of hierarchies of integrable PDEs, Frobe- 
nius manifolds and Gromov - Witten invariants, math.DG/0108160 

[7] T. Eguchi, K. Hori, C. Xiong, Quantum cohomology and Virasoro algebra, 
Phys. Lett. B 402 (1997), no. 1-2, 71-80. 

[8] M. Fukama, H. Kawai, R. Nakayama, Continuum Schwinger- Dyson equations 
and universal structures in two-dimensional quantum gravity: conformal gauge. 
Int. J. Mod. Phys. A6 (1991), 1385-1406. 

[9] E. Getzler, Intersection theory on A4i 4 and elliptic Gromov- Witten invariants, 
J. Amer. Math. Soc. 10 (1997), no. 4, 973-998. 



INVARIANCE OF TAUTOLOGICAL EQUATIONS 



23 



E. Getzler, Topological recursion relations in genus 2, Integrable systems and 
algebraic geometry (Kobe/Kyoto, 1997), 73-106, World Sci. Publishing, River 
Edge, NJ, 1998. 

E. Getzler, The Virasoro conjecture for Gromov- Witten invariants Algebraic 
geometry: Hirzebruch 70 (Warsaw, 1998), 147-176, Contemp. Math., 241, 
Amer. Math. Soc, Providence, RI, 1999. 

E. Getzler, The jet-space of a Frobenius manifold and higher-genus Gromov- 
Witten invariants, math.AG/0211338 

A. Givental, Semisimple Frobenius structures at higher genus, Internal. Math. 
Res. Notices 2001, no. 23, 1265-1286. 

A. Givental, Gromov- Witten invariants and quantization of quadratic Hamil- 
tonians. Dedicated to the memory of L G. Petrovskii on the occasion of his 
100th anniversary. Mosc. Math. J. 1 (2001), no. 4, 551 -568, 64 5. 
A. Givental, A„_i singularities and uKdV hierarchies, [math.AG /02092 05| 
A. Givental, Symplectic geometry of Frobenius structures, math. AG / 0305409] 
A. Givental, Y.-P. Lee, In preparation. 

T. Jarvis, T. Kimura, A. Vaintrob, Modw/i spaces of higher spin curves and 
integrable hierarchies, Compositio Math. 126 (2001), no. 2, 157-212. 
M. Kontscvich, Intersection theory on the moduli space of curves and the ma- 
trix Airy function. Comm. Math. Phys. 147 (1992), no. 1, 1-23. 
M. Kontscvich, Yu. Manin, Relations between the correlators of the topological 
sigma-model coupled to gravity. Comm. Math. Phys. 196 (1998), no. 2, 385-398. 
Y.-P. Lee, Witten's conjecture, Virasoro conjecture, and semisimple Frobenius 
manifolds, draft, Aug 2002. 

Y.-P. Lee, R. Pandharipande, Frobenius manifolds, Gromov-Witten theory, 
and Virasoro constraints, in preparation. 

X. Liu, Quantum product on the big phase space and the Virasoro conjecture, 
Adv. Math. 169 (2002), no. 2, 313-375. 

X. Liu, Genus-2 Gromov-Witten invariants for manifolds with semisimple 
quantum cohomology, math.DG/0310410 

X. Liu, G. Tian, Virasoro constraints for quantum cohomology, J. Differential 
Geom. 50 (1998), no. 3, 537-590. 

T. Mochizuki, The virtual class of the moduli stack of r-spin curves, preprint 
available from http://www. math. ias.edu^takuro/list. html 
A. Okounkov, R. Pandharipande, Gromov- Witten theory, Hurwitz numbers, 
and Matrix models, I, math. AG/0101 147 

A. Okounkov, R. Pandharipande, Virasoro constraints for target curves. 



math. AG/0308097. 



A. Polishchuk, Witten's top Chern class on the moduli space of higher spin 
curves, math.AG/0208112, 

E. Witten, Two-dimensional gravity and intersection theory on moduli space. 
Surveys in differential geometry (Cambridge, MA, 1990), 243-310, Lehigh 
Univ., Bethlehem, PA, 1991. 

E. Witten, Algebraic geometry associated with matrix models of two- 
dimensional gravity. Topological methods in modern mathematics (Stony 
Brook, NY, 1991), 235-269, Publish or Perish, Houston, TX, 1993. 



24 



Y.-P. LEE 



Department of Mathematics, University of Utah, Salt Lake City, 
Utah 84112-0090, U.S.A. 

E-mail address: yplee@math.utah.edu 

NCTS, Mathematics Division, 4F Third General Building, National 
TsiNG HuA University, No. 101, Sec. 2, Kuang Fu Road, Hsinchu, Tai- 
wan 30043 

E-mail address: yplee@math.cts.nthu.edu.tw 



